In this paper we obtain some novel identities involving trigonometric functions. Let n be any positive odd integer. We mainly show that n−1 r=0
Introduction
Let M be an additive abelian group, and let f be a map of two complex variables into M such that for all x, y ∈ Dom(f ) and n ∈ Z + , then we call f a uniform map into M. The functional equation (1.1) was first introduced by the author [S89] in 1989 motivated by his study of covering equivalence about systems of residue classes. Uniform maps have various examples and some nice algebraic properties, see, e.g., [S01, S01a, S02] .
For the classical Γ-function, the Gauss multiplication formula states that for each n ∈ Z + we have n−1 r=0 Γ z + r n = (2π) (n−1)/2 n 1/2−nz Γ(nz) for all z ∈ C with nz ∈ {0, −1, −2, . . .}, where C denotes the field of complex numbers. Replacing z by x/n with x ∈ {0, −1, −2, . . .}, the author [S89] rewrote the Gauss multiplication formula as (−x)! y x √ 2πy otherwise, then γ(x, y) is a uniform map as showed in [S02, Example 2.2(i) ]. Using this the author [S02, Example 2.2(ii) ] noted that the map S : C×C * → C * given by
is a uniform map into the multiplicative group C * . The known formula n−1 r=0 2 sin π x + r n = 2 sin πx (n ∈ Z + and x ∈ C)
is a consequence of Gauss' multiplication formula. Taking logarithmic derivative for the last equality, one gets the known identity 1 n n−1 r=0 cot π x + r n = cot πx (n ∈ Z + and x ∈ C \ Z).
Taking the derivatives of both sides of this formula, we obtain another well-known formula 1 n 2 n−1 r=0 csc 2 π x + r n = csc 2 πx (n ∈ Z + and x ∈ C \ Z).
(1.2)
If n is a positive odd integer, then by taking x = n/2 in (1.2) we get the known identity n−1 r=0 sec 2 π r n = n 2 .
( 1.3)
The author [S01, Example 2.4(ii) ] showed that for each m ∈ N = {0, 1, . . .} the map cot m : C × C * → C given by
is a uniform map into the additive group C, where cot (m) (z) = d m cot z dz m for z ∈ C \ πZ, and B n is the nth Bernoulli number.
There are lots of work on trigonometric power sums (cf. [BY, FGK, WZ] ); for example, B. C. Berndt and B. P. Yeap [BY] expressed the sum n−1 r=1 cot 2m π r n in terms of the Bernoulli numbers. The known formulas n−1 r=1 cot 2 π r n = (n − 1)(n − 2) 3 (cf. [BY, (1.1)]) and n−1 r=1 cot 4 π r n = (n − 1)(n − 2) 45 (n 2 + 3n − 13) (cf. [FGK, Appendix A] ) can also be deduced by using the uniform maps cot 1 (x, y) and cot 3 (x, y) in [S02, Example 2.4(ii)].
In this paper we obtain some new trigonometric identities. Recall that for any positive odd integer n we have −1 n = (−1) (n−1)/2 and 2 n = (−1) (n 2 −1)/8 , where ( · n ) denotes the Jacobi symbol. Now we sate our main results. for any x ∈ C with x + 1/2, x + (−1) (n−1)/2 /4 ∈ Z, and n−1 r=0 1 1 + sin 2π x+r n − cos 2π x+r n = ( −1 n )n 1 + ( −1 n ) sin 2πx − cos 2πx
(1.5)
for all x ∈ C with x, x + (−1) (n−1)/2 /4 ∈ Z. for all x ∈ C with 2x ∈ Z, and 1 n n−1 r=0 sec 2π
for any x ∈ C with 4x not an odd integer.
Remark 1.1. (i) In view of the first assertion in Corollary 1.1, for any n ∈ {1, 3, 5, . . .}, x ∈ C \ Z and y ∈ C * we have
(ii) For positive odd integers m and n, X. Wang and D.-Y. Zheng [WZ, p. 1024 ] expressed the sum n−1 k=0 (−1) k sec m π x+k n in terms of powers of sec πx. We note that
Corollary 1.2. For any positive odd integer n, we have n−1 r=0 1 1 + sin 2πr/n + cos 2πr/n = −1 n n 2 , (1.8)
(1.4) with x = 0 and (1.5) with x = 1/2 yield (1.8) and
( 1.9). Putting x = 0, 1/2 in (1.7) we get (1.10). Note also the simple trick
sec π k n + sec π n + k n = 0.
Theorem 1.2. Let n be any positive odd integer. Then n−1 j,k=0 1 sin 2π(x + j)/n + sin 2π(y + k)/n = −1 n n 2 sin 2πx + sin 2πy
(1.11) for all x, y ∈ C with x + y ∈ Z and x − y − 1/2 ∈ Z, and n−1 j,k=0 1 cos 2π(x + j)/n + cos 2π(y + k)/n = n 2 cos 2πx + cos 2πy
(1.12)
Corollary 1.3. For any positive odd integer n, we have n−1 j,k=0 1 sin 2πj/n + cos 2πk/n =n 2 (1.14)
1 cos π(2j + 1)/n + cos π(2k + 1)/n = − n 2 2 .
( 1.17) Remark Remark 1.4. Actually, the author found the identity in Corollary 1.4 inspired by his recent paper [S19] on quadratic residues modulo primes, and this is the main motivation of this paper.
We will show Theorem 1.1 and Corollary 1.1 in the next section, and prove Theorem 1.2 and Corollary 1.4 in Section 3. Our proof of Theorem 1.2 utilizes the functional equation (1.6). In Section 4 we mention some conjectures motivated by our results.
2. Proofs of Theorem 1.1 and Corollary 1.1 Lemma 2.1. Let n be any positive odd integer. Then n−1 r=0 1 + cot π x + r n = 2 n 2 (n−1)/2 1 + −1 n cot πx (2.1)
for all x ∈ C \ Z, and n−1 r=0 1 + tan π x + r n = 2 n 2 (n−1)/2 1 + −1 n tan πx (2.2)
for all x ∈ C with x − 1/2 ∈ Z.
Proof. Let x ∈ C \ Z. For each r = 0, . . . , n − 1, by Euler's formula e iz = cos z + i sin z we have 1 + cot π x + r n =1 + (e iπ(x+r)/n + e −iπ(x+r)/n )/2 (e iπ(x+r)/n − e −iπ(x+r)/n )/(2i) =1 + i e 2πi(x+r)/n + 1 e 2πi(x+r)/n − 1 = 1 + i 1 + 2 e 2πi(x+r)/n − 1
On the other hand, 1 + −1 n cot πx =1 + (−1) (n−1)/2 i e iπx + e −iπx e iπx − e −iπx =1 + (−1) (n−1)/2 i e 2πix + 1 e 2πix − 1 =(1 + (−1) (n−1)/2 i) e 2πix + i(−1) (n−1)/2 e 2πix − 1 .
Therefore n−1 r=0 1 + cot π x + r n = (1 + i)i (n−1)/2 1 + (−1) (n−1)/2 i 2 (n−1)/2 1 + −1 n cot πx .
Since
(1 + i)i (n−1)/2 1 + (−1) (n−1)/2 i = (−1) (n 2 −1)/8 = 2 n , we obtain (2.1) from the above. Now let x ∈ C with x − 1/2 ∈ Z. Then x ′ = n/2 − x ∈ Z. Applying (2.1) with x replaced by x ′ , we get that n−1 r=0 1 + cot π x ′ + r − n n = 2 n 2 (n−1)/2 1 + −1 n cot n π 2 − πx , i.e., n−1 r=0 1 + tan π x + (n − r) n = 2 n 2 (n−1)/2 1 + −1 n tan πx .
Therefore (2.2) holds.
Proof of Theorem 1.1. Observe that d dz (1 + tan z) 1 + tan z = sec 2 z 1 + tan z = 1 cos 2 z + sin z cos z = 2 1 + cos 2z + sin 2z .
By taking the logarithmic derivative, we obtain from (2.2) the equality n−1 r=0 2π/n 1 + cos 2π(x + r)/n + sin 2π(x + r)/n = ( −1 n )2π 1 + cos 2πx + ( −1 n ) sin 2πx
, provided that x+1/2, x+(−1) (n−1)/2 /4 ∈ Z. (Note that 1+( −1 n ) tan πx = 0 if and only if x + ( −1 n ) 1 4 ∈ Z.) This proves the first assertion in Theorem 1.1.
Now let x ∈ C with x ∈ Z and x + (−1) (n−1)/2 /4 ∈ Z. Set x ′ = n/2 − x. Then x ′ + 1/2 ∈ Z and x ′ + (−1) (n−1)/2 /4 ∈ Z. By (1.4) with x replaced by x ′ , we have . Therefore (1.5) holds. This proves the second assertion in Theorem 1.1.
Proof of Corollary 1.1. Let x ∈ C with 2x ∈ Z. We want to show (1.6). We first assume that 4x is not an odd integer. 
. Therefore n−1 r=0 1 1 + sin 2π x+r n − (1 − sin 2π x+r n )
, which is equivalent to (1.6). When 4x is an odd integer, by the above we have
n csc 2πt = n csc 2πx.
Now we turn to show (1.7) for any complex number x with 4x not an odd integer. For x ′ = n/4 − x, we have 2x ′ = n/2 − 2x ∈ Z. Applying (1.6) with x replaced by x ′ = n/4 − x, we find that 1 n n−1 r=0 csc π 2 − 2π x + n − r n = csc n π 2 − 2πx and hence 1 n n−1 r=0 sec 2π
x + (n − r) n = (−1) (n−1)/2 sec 2πx, which is equivalent to (1.7) . This concludes the proof.
3. Proofs of Theorem 1.2 and Corollary 1.4
Proof of Theorem 1.2. Let x, y ∈ C with x + y ∈ Z and x − y − 1/2 ∈ Z. For any j, k = 0, . . . , n − 1, clearly 2(x − y + j − k)/n cannot be an odd integer and thus 2i sin 2π
x + j n + 2i sin 2π y + k n =e 2πi(x+j)/n − e −2πi(x+j)/n + e 2πi(y+k)/n − e −2πi(y+k)/n =(e 2πi(x+j)/n + e 2πi(y+k)/n )(1 − e −2πi(x+y+j+k)/n ) = 0.
As n is odd, {2r : r = 0, . . . , n − 1} is a complete system of residues modulo n. Let L denote the left-hand side of (1.12). By the above, Hence, for each r = 0, . . . , n − 1 we have
=n(−1) (n−1)/2 e −2πir/n e iπ(x−y)(n−1)/n 1 1 + i n e iπ(x−y) + 1 1 − i n e iπ(x−y) =n(−1) (n−1)/2 e −2πir/n e iπ(x−y)(n−1)/n 2 1 + e 2πi(x−y) =n(−1) (n−1)/2 e −2πir/n e −iπ(x−y)/n 2 e −iπ(x−y) + e iπ(x−y)
In view of the above, we see that Combining this with (1.6), we obtain
−1 n n 2 sin 2πx + sin 2πy .
So (1.11) holds. Now let x, y ∈ C with x ± y − 1/2 ∈ Z. For x ′ = n/4 − x and y ′ = n/4 − y, we have x ′ + y ′ = n/2 − (x + y) ∈ Z and x ′ − y ′ − 1/2 = y − x − 1/2 ∈ Z. Thus, by (1.11) with x and y replaced by x ′ and y ′ respectively, we get n−1 j,k=0 1 sin 2π x ′ +j−n n + sin 2π y ′ +k−n n = −1 n n 2 sin(n π 2 − 2πx) + sin(n π 2 − 2πy)
, i.e., n−1 j,k=0 1 cos 2π(x + (n − j))/n + cos 2π(y + (n − k))/n = n 2 cos 2πx + cos 2πy .
Therefore (1.12) holds. Finally, we let x, y ∈ C with x ± y + (−1) (n−1)/2 /4 ∈ Z. Set x ′ = n/4 − x. Then x ′ ± y − 1/2 = n/4 − 1/2 − x ± y ∈ Z. Applying (1.12) with x replaced by x ′ , we get n−1 j,k=0 1 cos( π 2 − 2π x+(n−j) n ) + cos 2π y+k n = n 2 cos(n π 2 − 2πx) + cos 2πy , which is equivalent to (1.13).
The proof of Theorem 1.2 is now complete.
Proof of Corollary 1.4. As ( −1 p ) = −1, we see that 1 2 , . . . , p − 1 2 2 , −1 2 , . . . , − p − 1 2 2 is a reduced system of residue classes modulo p. Thus Inspired by (1.8), for any prime p ≡ 7 (mod 8) the author believed (on the basis of numerical computation) that (p−1)/2 k=1 1 1 + sin 2π k 2 p + cos 2π k 2 p = (p−1)/2 k=1 1 1 − sin 2π k 2 p + cos 2π k 2 p = − p + 1 4 .
(4.3)
After learning this and Theorem 1.1 from the author, the author's PhD student Chen Wang got a proof of (4.3).
